After a very brief recollection of how my scientific collaboration with Ugo started, in this talk I will present some recent results obtained with localization: the deformed gauge theory partition function Z( τ |q) and the expectation value of circular Wilson loops W on a squashed four-sphere will be computed. The partition function is deformed by turning on τ J tr Φ J interactions with Φ the N = 2 superfield. For the N = 4 theory SUSY gauge theory exact formulae for Z and W in terms of an underlying U (N ) interacting matrix model can be derived thus replacing the free Gaussian model describing the undeformed N = 4 theory. These results will be then compared with those obtained with the dual CFT according to the AGT correspondence. The interactions introduced previously are in fact related to the insertions of commuting integrals of motion in the four-point CFT correlator and the chiral correlators are expressed as τ -derivatives of the gauge theory partition function on a finite Ω-background.
Introduction and summary
My collaboration with Ugo started around the end of the past century and the beginning of the new one. Before that I had authored few papers on non perturbative results in supersymmetric gauge theories but I did not know how to treat the singularities of the moduli space of the gauge connections and I was looking for someone who could help me sort out what I needed out of a vast mathematical literature in which I did not feel at ease. Pietro Frè, who then was Professor at SISSA adviced me to get in touch with Ugo who, in his words, knew "everything about moduli spaces of gauge connections". So I got in touch with him and we wrote a first paper together [1] in collaboration with A.Tanzini, who later moved to SISSA, and G.Travaglini who were both doing their PhD under my supervision at that time. In this first work together we showed that the measure one uses to integrate over the moduli space of gauge connections is hyperkähler and that, as a consequence, the partition function of the N = 2 supersymmetric Yang-Mills gauge theory (SUSY YM from now on) can be written as a form to be evaluated at the boundary of the moduli space. And that was exactly our problem: the moduli space of gauge connections is singular on the boundary and we did not know how to make sense of that form at such a boundary. The way was pointed out to us first by [2] and later in [3] . This latter paper was particularly obscure but, with the help of Ugo, it did not take much to us to rederive the results in our own way and to go beyond [4] . In this same period also R.Poghossian, who later became a collaborator of Ugo and mine, came to the same conclusions [5] .
In the years, this line of research has proved to be very fruitful. It would be pointless to give now a detailed account of all of the results in this field but the capacity of these ideas to permeate also other research fields is extraordinary: string theory, integrable systems, Wilson loops, topological string and supergravity theories, AGT correspondence are all research fields which have benefitted from these ideas. This only on the physics side and the mathematics counterpart is equally rich! The results I am presenting here stem from this old research and from one of its natural outcome. Besides the partition function, the other natural observable to compute in an N = 2 SUSY YM theory are correlators of arbitrary powers of scalar fields which are well known to form the so called chiral ring. This is what has been done in [6] in which we showed how these variables should be treated in order to compute correlators with localization. It now turns out that this very treatment applies also in the case of the circular Wilson loops which are some of the most interesting observables to investigate in a gauge theory.
In theories with extended supersymmetry, the natural loops to consider are those preserving a fraction of the supersymmetry. The supersymmetric Wilson loop typically involves both the gauge field A m and its scalar superpartners ϕ i
Supersymmetry requires |ẋ| = |ẏ|. Many such solutions have been found preserving different fractions of the original supersymmetry [7, 8, 9] . As previously mentioned, in this talk, which is largely drawn from [10] , I will focus on circular Wilson loops for theories with N = 2, 4 supersymmetry on a squashed S 4 . The computations I previously described were carried out on flat space and the partition function or the correlators were dominated by the contribution of instantons or anti-instantons. The Wilson loop is a real variable and it must keep into account contributions from both instanton and anti-instantons at the same time. This is done [13] by multipliying the contribution of the two coordinate patches in which a sphere is divided along the lines of similar computations on complex manifolds [11, 12] .
Before being treated with localization, circular Wilson loops in N = 4 theory were first considered in [14] where it was conjectured that the perturbative series for W at large N reduces to a simple counting of ladder diagrams. The counting of diagrams was extracted from a Gaussian matrix model [15] . An exact formula for W was then proposed in [16] by an explicit evaluation of the Gaussian matrix model partition function to all orders in 1/N . 2
As previously mentioned, the conjectured formula for the circular Wilson loop in the N = 4 theory was later proved in [13] using localization. In that reference, the partition function of a general N = 2 gauge theory on a round sphere S 4 was shown to be given by the integral da|Z(a, τ )| 2 with Z(a, τ ) the gauge partition function on R 4 . Here Z is evaluated on an Ω-background such that ǫ 1 = ǫ 2 = ǫ are finite, so the gauge theory lives effectively on a non-trivial gravitational background [17, 18] . On the other hand the expectation value of a circular Wilson loop on S 4 was shown to be given by the same integral with the insertion of the phase tr e 2πia ǫ inside the integral. The N = 4 Gaussian matrix model was then recovered from the case of N = 2 * theory in the limit where the mass of the adjoint hypermultiplet is sent to 0.
It is natural to ask how these results are modified when the YM action is deformed or the spacetime is changed. An interesting spacetime to consider is that of a squashed sphere [19] . A motivation for considering four-dimensional gauge theories on squashed spheres comes from the AGT correspondence that relates the partition function of N = 2 supersymmetric theories to correlators in a dual two-dimensional CFT with the squeezing parameter ǫ 1 /ǫ 2 parametrizing the central charge of the CFT [20, 22, 24] . In [23] , it was proposed that the expectation value of a circular Wilson loop oriented along, let us say the first plane, on the squashed sphere is given by the insertion of the phase tr e
in the partition function integral. Here I will prove this formula using localization and extend it to the case of a general N = 2 theory with prepotential F class = τ J tr Φ J . This class of gauge theories were first introduced in [21] and the deformed partition function Z(a, τ ) was computed in [11] (see also [25] ) and related to the generating function of Gromov-Witten invariants for certain complex manifolds.
In this talk I will present a "physical derivation" of the deformed partition function based on localization and the results of [6] and apply it to the study of circular Wilson loops on squashed spheres. The crucial observation is that the circular Wilson loop C is nothing but the lowest component of the equivariant superfield F defining the field strength of a connection on the so called universal moduli space, the moduli space of instantons times the space time. Indeed in presence of an Ω background the zero mode solutions to the equations of motion get deformed and the lowest component of F reduces toφ = ϕ + δ ξ x m A m with δ ξ x m a rotation of the spacetime coordinates along the Cartan of the Lorentz group. The same combination appears on the circular Wilson loop C = 2πin1 ǫ1φ , so the expectation value of the Wilson loop can be related to the Ω-deformed version of the corresponding chiral correlator. Moreover using the fact that Wilson loops are allowed only on spheres with rational squeezing parameter ǫ 1 /ǫ 2 , an explicit evaluation ofφ shows that e C = e 2πin 1 ǫ 1 a , so all instanton corrections to C (but not to the correlator) cancel after exponentiation ! The same cancellation was observed in [13] for the case of the round sphere. Similarly tr Φ J interactions can be related to the higher component of tr F J , and their expectation values are again given by the deformed chiral correlators up to some super-volume factors.
The case of the deformed N = 4 theory is particularly interesting. τ J -interactions break supersymmetry down to N = 2 but surprisingly the resulting theory is far more simpler than any other N = 2 theory one can think of. For instance instanton contributions to the partition function and circular Wilson loops can be shown to cancel in the deformed theory more in the same way than in the maximally supersymmetric theory. As a consequence the gauge partition function and the expectation values of circular 3
Wilson loops are described by an effective interacting matrix model. More precisely, the Wilson loop is given by the integral
( 1.2) with ∆(a) the Vandermonde U (N ) determinant and V ( τ , a) a potential codifying the τ J -interactions. The matrix model integral effectively counts the number of Feynman diagrams with propagators ending on the Wilson loop, and internal J-point vertices weighted by τ J . The case with only quartic interactions will be worked out in full details. Exploiting the AGT correspondence between 4d gauge theories and 2d CFT's, the chiral correlators trφ J in the gauge theory can be related to insertions of the integrals of motions I J into the four-point CFT correlator computing the gauge theory partition function [25, 27] . The computation of such deformed correlators is feasible and it leads to relations which are the analogue of the chiral ring relations for N = 2 gauge theories [28] for a finite Ω background. The explicit computation will be carried out in the SU (2) theory with four fundamentals for the simplest chiral correlators and the result will match with the dual correlators in the Liouville theory.
In the so called Nekrasov-Shatshvili limit in which one of the two deformation parameters of the Ω background is sent to zero an ǫ-deformed version of the Seiberg-Witten type curve is available [33, 34] from which we one can extract the full set of chiral ring relations and compare against the results presented here [10] .
The gauge partition function on R 4
The action of a general N = 2 supersymmetric gauge theory on R 4 is specified by a single holomorphic function, the prepotential, F class (Φ) of the N = 2 vector multiplet superfield Φ. Explicitly
with (x m , θ αȧ ) denoting the super-space coordinates and the lower dots denoting couplings to hypermultiplets. I am interested in the Coulomb branch of the gauge theory where the scalar ϕ in the vector multiplet Φ has a non-trivial vacuum expectation value. In this branch, only the vector multiplet prepotential is corrected by quantum effects. Taking the classical prepotential of the general form
for some integer p and
Here and in the rest of the paper I use the "twisted" fermionic variables θ m = 1 2 σ mαȧ θ αȧ obtained by identifying internalȧ and Lorenzα spinors indices. The gauge theory following from (2.4) can be seen as a deformation of the standard renormalizable gauge 4 theory where the gauge coupling is replaced by a function of the scalar field ϕ and the super symmetrically related couplings F λ 2 and λ 4 are included. The standard theory with prepotential F class (Φ) = πiτ tr Φ 2 is recovered after setting τ J>2 to zero. I will refer to the partition function Z( τ , q) as the "deformed partition function". There are two main contributions to the partition function Z one−loop and Z tree+inst ( τ , q) coming from the fluctuations of the gauge theory fields around the trivial and the instanton vacua. I notice that only the latter one depends on the couplings τ J since Z one−loop is given by a one-loop vacuum amplitude. On the other hand Z tree+inst ( τ , q) can be written in terms of an integral over the instanton moduli space that can be computed with the help of localization. To do so one needs to introduce an equivariant supercharge Q ξ and an equivariant vector superfield F . Due to a limited number of pages I will not show this treatment in detail and refer the reader to [10] . Finally the field F can then be viewed as the equivariant version of the N = 2 superfield Φ. Moreover it is Q ξ -invariant up to a symmetry rotation. This implies that any invariant function made out of F is Q ξ -closed. In particular the Yang-Mills action (2.4) in the instanton background can be written in the explicit Q ξ -invariant form
For concreteness, from now on, I will focus on conformal gauge theories with gauge group U (N ) and fundamental or adjoint matter.
The deformed gauge partition function
The gauge partition function on R 4 can be written as the product of the one-loop, tree level and instanton contributions
The one-loop partition function Z one−loop is given by
with [22, 29] 
Here Γ 2 (x) is the Barnes double gamma function 1 and ǫ = ǫ 1 + ǫ 2 .
1 The Barnes double gamma function can be thought of as a regularization of the infinite product (for
The instanton partition function is defined by the moduli space integral
with the integral running over the instanton moduli space for a given k. The action S inst and the integral over the instanton moduli spaces can be evaluated with the help of localization leading to
The symmetry group of the integral is U 
In our conventions ǫ 1 , ǫ 2 are pure real numbers. One then finds for the moduli space integral
with Z Y the inverse determinant of δ ξ and S Y ( τ ) the 0-form of the instanton action (2.12) evaluated at the fixed point. For Z Y one finds with [5, 4, 29] 
Here (i, j) run over rows and columns respectively of the given Young tableaux, {k uj } and {k ui } are positive integers giving the length of the rows and columns respectively of the tableau Y u . I remark that (2.9) and (2.15) are not symmetric under the exchange of fundamentalm i and anti-fundamental massesm j but a totally symmetric form under the exchangem i ↔m j can be obtained by replacing
Finally, the contribution of the deformed Yang-Mill action at the fixed point Y reduces to
with [21, 6 ]
19) The deformed partition functions can then be written as
with O J,Y given by (2.19). The gauge prepotential F eff is then identified with the free energy associated to the deformed instanton partition function
or equivalently from (2.20)
The deformed partition function is the generating functional of the general multi-trace chiral correlators trφ J1 trφ J2 . . . undeformed (2.24) in the undeformed theory.
The gauge theory on S 4
The gauge partition function on S 4 is given by the integral [13]
with d N a = u da u 2 and the integral running along the imaginary axis. The partition functions Z one−loop and Z inst are given by (2.9) and (2.15) with vevs and masses taken in the domains
These domains are chosen such that complex conjugate of the one-loop partition function (2.9) is given by the same formula with Γ 2 (x) replaced by Γ 2 (ǫ − x). Here I use units where ǫ 1 ǫ 2 = 1 and write
In these units the one-loop partition function becomes 
The condition (3.32) ensures that the path is closed and it can be satisfied if and only if the ratio ǫ 1 /ǫ 2 is rational. Moreover, taking r 1,2 satisfying
and the Wilson loop can be written in the suggestive form
From this the first τ J -correction to the Wilson loop expectation value is computed by the correlator
(3.36)
The N = 4 deformed theory
In this section I consider the effect of turning on τ J -interactions on the simplest theory at our disposal: the N = 4 theory. τ J -deformations break N = 4 supersymmetry down to N = 2 by including self-interactions for one of the three chiral multiplets. The resulting theory is surprisingly simple, it exhibits a perfect cancellation of instanton contributions to the gauge partition function. This is in contrast with the case of N = 2 * theory where the N = 4 symmetry is broken by giving mass to the adjoint hypermultiplet spoiling the balance between the instanton corrections coming from gauge and matter multiplets.
As in the undeformed case, the N = 4 deformed theory will be defined as a the limit of the N = 2 * deformed theory where the mass of the adjoint hypermultiplet is sent to "zero" [13] . More precisely, the points where the N = 4 is restored will be identified with the zeros of the instanton partition function in the m-plane. It is easy to see that they are located at m = −ǫ 1 or m = −ǫ 2 . Indeed, for any choice of τ J and instanton number the instanton partition function (2.15) can be seen to be always proportional to (m + ǫ 1 )(m + ǫ 2 ) with the two factors coming from the contributions to Z YuYu (m) of the Young tableaux boxes (i, j) = (k uj ,k ui ) ∈ Y u . Notice that these two points on the m-plane coincide in the case of the round sphere where ǫ 1 = ǫ 2 = ǫ 2 . and the symmetric point m = − ǫ 2 is unique (m = 0 in the conventions of [13] ). For concreteness here we take m = −ǫ 1 .
The one-loop partition function (2.8) also drastically simplifies at m = −ǫ 1 . Indeed using the double Gamma function identity
with ∆(a) the Vandermonde determinant describing the U (N ) measure. The gauge partition function reduces to the U (N ) matrix model integrals
with the integral over a u now running along the real line and the potential defined by
On the other hand the expectation value of a circular Wilson loop is given by
Notice that unlike in the N = 4 theory, in presence of τ J -interactions the matrix model underlying the theory is no-longer Gaussian but interacting. The integrals (3.39) and (3.41) count now diagrams involving not only propagators but also J-point vertices.
Luckily enough, the underlying matrix models have been extensively studied in the literature. In the large N limit integrals (3.39) and (3.41) have been explicitly evaluated by saddle point methods [15] . One defines the resolvent
A simple algebra shows that w(x) defined like this satisfies a quadratic equation with solution
where f p−2 (x) a polynomial of order p − 2 determined by the condition that w(x) ≈ 1 x at large |x|. Notice that w(x) has a discontinuity along the cuts defined by the zeroes of the square root, so
with S the union of the cuts and ρ(x) the density
It is often enough to assume the presence of a single cut and look for w(x) in the form
with Q p−2 (x) a polynomial of order p − 2. Indeed the number of unknown variables in {Q p−2 (x), b 1 , b 2 } is p + 1, matching the number of equations coming from requiring that w(x) ≈ 1 x for large |x| and therefore w(x) is fully determined. As an example, let us consider the quartic potential
Since V (a) = V (−a) one can take b 2 = −b 1 = 2b and Q(x) = c 0 + c 2 x 2 in (3.46). Requiring w(x) ≈ 1 x for large |x| one finds [15] w(x) = 1 2λ
From (3.44) one can extract the normalized density of eigenvalues ρ(x), which in our case turns out to be
with n 1 n 2 = 1 and ǫ 1 ǫ 2 = 16π 2 .
AGT duality: chiral correlators vs integrals of motion

The CFT side
The AGT correspondence [22] relates N = 2 supersymmetric gauge theories in four dimensions to two dimensional CFTs. According to this correspondence the instanton partition function for the SU(2) gauge theory with four fundamentals is related to fourpoint correlators in Liouville theory. In this section the study the CFT side of the duality is put forward and in the next I will study the gauge side of it and show that the chiral correlators trφ n in the gauge theory are reproduced by the same four-point correlators in Liouville theory with the insertion of the integrals of motion I n introduced in [30] .
The conformal field theory
Here I follow [30] for details and further references. The symmetry algebra of Liouville theory is the tensor product of a Virasoro and a Heisenberg algebra with commutation relations
The central charge c is parametrized by
The primary fields V α are defined as The commutation relations of the field V α and the generators L m , a n are
The Fock space is obtained by acting with L n , a n with n < 0 on a vacuum |0 defined by
Primary states |α and α| are obtained by acting on the vacuum with the primary fields at zero and infinity respectively
Any correlator of the composite fields V α factorizes into the product of a Heisenberg and a Virasoro part. The Heisenberg part, which are just free bosons, is easy to compute and it reads
Consider the remaining Virasoro part of the four-point correlator
where by α I denote the four-point conformal block involving the exchange of a state of conformal dimension ∆ = ∆(α) (4.62) and the factor z
is included to guarantee a finite limit at z 1 → ∞. The fact that the 4-point correlator depends non-trivially only on the cross ratio follows from conformal invariance, so without loss of generality three points can be fixed: z 1 = ∞, z 2 = 1 and z 4 = 0 The resulting function of a single variable z ≡ z 3 is denoted as G vir (α i , α|z) or simply as G vir if it is clear from the context, what are the argument and the parameters. Derivatives ∂ zi G vir of the correlator can be also written in terms of derivative with respect to z. For the choice above one finds [29] 
Including also the contribution of the Heisenberg sector one finds the conformal block
The "physical" correlator can be written as the integral of the modulus square of the conformal block (4.64)
where C α1α2α are the Liouville structure constants [31, 32] 
Integrals of motion
Being an integrable system, the Liouville theory admits the existence of an infinite set of mutually commuting operators or integrals of motion. Explicitly the first three such integrals are [30] 
a i a j a k (4.66)
These operators can be inserted inside the four-point correlators and the corresponding conformal blocks. I define
To compute G n , I can use the commutation relations (4.57) to bring creator and annihilator operators to the left and right sides of the correlation respectively. For instance
Similarly for G 3 one finds
Proceeding in this way one can write G n in terms of G and their z-derivatives, or as differential operators acting on G. Moreover
The explicit form of the differential operators on the variable z, the L n 's, up to n = 4, can be found in [10] .
The gauge/CFT dictionary
The AGT correspondence relates the four-point conformal block of the Liouville theory to the partition function of the N = 2 supersymmetric SU (2) gauge theory with four fundamentals. The gauge coupling parameter q = e 2πiτ is identified with the harmonic ratio z parametrizing the positions of vertex insertions. The gauge theory masses m u ,m 2+u are related to the conformal dimensions of the vertex insertions in the CFT. To achieve a full symmetry with respect to the exchange of the four masses we make the replacements m 3 →m 3 + ǫ, m 4 →m 4 + ǫ. The vacuum expectation value a for the scalar field at infinity parametrizes the dimension of the exchanged state. The squeezing parameter ǫ 1 /ǫ 2 characterizing the Ω gravitational background parametrizes the central charge of the CFT. The full dictionary is given by [22] 
The instanton partition function of the gauge theory on R 4 is related to the conformal block G(α i , α|q) via 
The gauge theory side
It is known [25, 26, 27] that the integrals of motion (4.67) can be put in relation to the chiral correlators trφ J . In this section I translate the formulae in the previous section in terms of the gauge theory variables to find that the chiral correlators in the undeformed U (2) gauge theory can be expressed in terms of q-derivatives of the partition function Z. This leads to chiral ring type relations valid at all-instanton orders for a finite Ω-background. which shows that in a finite Ω-background, chiral correlators can be written in terms of both trφ 2 and its derivatives. The chiral ring equations (4.79) generalize those found in [28] to the case of finite ǫ 1 , ǫ 2 . The relations (4.77) can be checked against a microscopic instanton computation showing agreement [10] .
